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Premetric approach in gravity and electrodynamics
Yuri N. Obukhov
Russian Academy of Sciences, Nuclear Safety Institute (IBRAE),
B. Tulskaya 52, 115191 Moscow, Russia
E-mail: obukhov@ibrae.ac.ru
The basics of the premetric approach are discussed, including the essential details of
the formalism and some of its beautiful consequences. We demonstrate how the classi-
cal electrodynamics can be developed without a metric in a quite straightforward way:
Maxwell’s equations, together with the general response law for material media, admit
a consistent premetric formulation. Furthermore, we show that in relativistic theories of
gravity, the premetric program leads to a better understanding of the interdependence
between topological, affine, and metric concepts.
Keywords: Premetric theory, electrodynamics, teleparallelism, wave propagation.
1. Development of premetric ideas
The study of the metric-free, or premetric, models has a rich and long history. The
corresponding timeline of works which developed the premetric approach in physics
is as follows. As a starting point, we mention H. Minkowski (1908) who estab-
lished the special-relativistic (Poincare´-covariant) formalism for Maxwell’s theory.
F. Kottler (1912) subsequently provided the generally covariant formulation of elec-
tromagnetism which was eventually taken by A. Einstein (1916) as a basis for a
quasi-premetric formulation of Maxwell’s theory. F. Kottler (1922) then actually
pioneered the premetric approach by constructing, based on integral conservation
laws, metric-free theory for Newton’s gravity and Maxwell’s electrodynamics. Simi-
lar line was followed by E´. Cartan (1923) in electrodynamics and by D. van Dantzig
(1934) who proposed a general premetric program in physics. Important technical
contributions came from I. Tamm (1925) who studied a general linear constitu-
tive law and from A. Sommerfeld (1948) who coined, following Mie, the notions
of extensive and intensive quantities. The formal structure of electrodynamics was
thoroughly investigated by E.J. Post (1962) and by C. Truesdell and R. Toupin
(1960) in the framework of the formal field theory. An important issue of recov-
ering the metric (deriving light-cone) was then clarified in the works of R. Toupin
(1965), M. Scho¨nberg (1971), and A. Jadzcyk (1979). W.-T. Ni (1973) was the
first to propose an axion-dilaton extension of Maxwell’s theory, and subsequently
F. Wilczek (1987) looked into experimental issues of axion electrodynamics. See1–4
for exact references.
Why going metric-free? Quoting Edmund Whittaker (1953): Since the notion
of metric is a complicated one, which requires measurements with clocks and scales,
generally with rigid bodies, which themselves are systems of great complexity, it
seems undesirable to take metric as fundamental, particularly for phenomena which
are simpler and actually independent of it. Furthermore, as we know (in Einstein’s
approach), metric is identified with the gravitational field. Thereby, one can say that
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a metric formulation of a physical theory is “contaminated” by gravity. Hence, by
revealing the metric-free relations one actually finds the most fundamental physical
structures. In this sense, premetric approach helps to understand the essential
interdependence between topological, affine, and metric concepts. Moreover, from
the experimental standpoint, counting is obviously the simplest measurement!
1.1. Principles of premetric approach
Premetric axiomatics is straightforward. Construction of a metric-free physical
model is inherently based on conservation laws. The latter should be phenomeno-
logically verified by means of a certain counting process without use of the metric.
Next, all physical objects are divided into two sets: extensive variables (how much?)
are distinguished from intensive variables (how strong?). Based on the conserva-
tion laws, the two sets of fundamental equations then naturally arise for excitations
(extensities) and for strengths (intensities). Final step: to convert the model into a
predictive theory, one adds the linking equations, or constitutive relations, between
excitations and field strengths.
The essence of the premetric art is formulated as follows: Fundamental equations
are metric-free; the metric only enters via linking equations (constitutive relations).
2. Premetric electrodynamics
Classical electrodynamics admits a consistent premetric formulation1. Based on the
conservation of electric charge dJ = 0, one arrives at dH = J , and the magnetic flux
conservation results in dF = 0. Conservation laws require just counting procedures –
of electric charges and magnetic flux lines. No distance concept is needed, therefore
the premetric framework arises naturally.
Excitations H = (D,H) are measurable via the charge. These are extensive
variables (how much?). Field strengths F = (E,B) are measurable via the force.
They are intensive variables (how strong?).
Fundamental equations of electrodynamics are metric-free:
dH = J, dF = 0. (1)
Linking equations (constitutive relations) yield a predictive theory
H = κ [F ] , Hαβ = καβ
µνFµν . (2)
The metric is hidden/encoded in the constitutive tensor καβ
µν . Constitutive rela-
tion can be more general – nonlinear and even nonlocal.
Using the local coordinates xi = (t, xa), we have the (1 + 3)-decompositions
H = Hadx
a ∧ dt+Daǫa, F = Eadx
a ∧ dt+Baǫa, (3)
(with dxa and ǫa bases of spatial 1- and 2-forms) and the local and linear constitutive
law (2) is recast into
Ha = −C
b
aEb +Bba B
b , Da = −AbaEb +Db
aBb . (4)
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With εab = εba, µ−1ab = µ
−1
ba , γ
c
c = 0, a convenient parametrization reads as
1:
A
ba = − εab + ǫabcnc, Bba = µ
−1
ab − ǫabcm
c, (5)
C
b
a = γ
b
a − sa
b + δba sc
c + α δba, Db
a = γab + sb
a − δab sc
c + α δab . (6)
Thereby the fine structure of the constitutive tensor is eventually revealed:
κ =
(
γba µ
−1
ab
−εab γab
)
︸ ︷︷ ︸
principal part 20 comp.
+
(
−sa
b + δbasc
c −ǫabcm
c
ǫabcnc sb
a − δab sc
c
)
︸ ︷︷ ︸
skewon part 15 comp.
+ α
(
δba 0
0 δab
)
︸ ︷︷ ︸
axion part 1 comp.
(7)
3. Premetric formulation of gravity
Kottler in 1922 formulated a premetric nonrelativistic (Newton’s) gravity. How-
ever, the spacetime metric= gravity in general relativity (GR) theory, and one
may ask whether a premetric relativistic gravity makes any sense? In GR, the an-
swer is negative. However, a teleparallel framework offers a viable opportunity2–4.
Qualitatively, one proceeds by replacing the electric charge with the “gravitational
charge” = mass (energy-momentum). The conservation of the gravitational charge
dΣα = 0 yields dHα = Σα, thereby introducing the gravitational excitation 2-
form Hα =
1
2Hijαdx
i ∧ dxj = 12Hˇ
ρσ
αǫρσ. Furthermore, the gravitational flux
conservation results in dFα = 0, introducing the gravitational field strength 2-form
Fα = 12Fij
αdxi∧dxj = dϑα, so that the coframe ϑα plays a role of the gravitational
potential. The premetric formulation of gravity can be then consistently constructed
along the lines of premetric electromagnetism. The corresponding gravitational-
electromagnetic analogy is summarized in Table 1.
Table 1. Premetric electromagnetism-gravity analogy
Objects and Laws Electromagnetism Gravity
Source current 3-form J Σα
Conservation law dJ = 0 dΣα = 0
Excitation 2-form H Hα
Inhomogeneous field equation dH = J dHα = Σα = (ϑ)Σα + (m)Σα
Field strength 2-form F Fα
Homogeneous field equation dF = 0 dFα = 0
Potential 1-form A ϑα
Potential equation dA = F dϑα = Fα
Lorentz force fα = (eα⌋F ) ∧ J fα =
(
eα⌋Fβ
)
∧ (m)Σβ
Energy-momentum 3-form 1
2
(F ∧ eα⌋H −H ∧ eα⌋F )
1
2
(Fβ ∧ eα⌋Hβ −Hβ ∧ eα⌋F
β)
Lagrangian 4-form Λ = − 1
2
F ∧H Λ = − 1
2
Fα ∧Hα
Constitutive tensor χαβγδ χβγανρµ
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3.1. Gravitational constitutive tensor
The local and linear constitutive law
Hˇαβµ =
1
2
χαβµ
ρσ
ν Fρσ
ν (8)
describes a rich class of gravity models. The symmetry properties χβγα
νρ
µ =
−χγβα
νρ
µ = −χ
βγ
α
ρν
µ yield a simple number count (6 × 4) × (6 × 4) = 576 of
components of the constitutive tensor. The constitutive relation is reversible when
χβγα
νρ
µ = χ
νρ
µ
βγ
α, with a reduced number of components: 24(24 + 1)/2 = 300.
Splitting χαβµ
γδ
ν =
+
χαβµ
γδ
ν +
−
χαβµ
γδ
ν into reversible and irreversible parts,
+
χαβµ
γδ
ν :=
1
2
(χαβµ
γδ
ν + χ
γδ
ν
αβ
µ),
−
χαβµ
γδ
ν :=
1
2
(χαβµ
γδ
ν − χ
γδ
ν
αβ
µ), (9)
one derives a decomposition χαβµ
γδ
ν =
8∑
I=1
[I]χαβµ
γδ
ν of the constitutive tensor
into six irreducible parts:
[1]χαβµ
γδ
ν =
+
χαβ(µ
γδ
ν) −
+
χ[αβ(µ
γδ]
ν),
[2]χαβµ
γδ
ν =
−
χαβ [µ
γδ
ν] −
−
χ[αβ [µ
γδ]
ν], (10)
[3]χαβµ
γδ
ν =
−
χαβ(µ
γδ
ν),
[4]χαβµ
γδ
ν =
+
χαβ [µ
γδ
ν], (11)
[5]χαβµ
γδ
ν =
+
χ[αβ(µ
γδ]
ν),
[6]χαβµ
γδ
ν =
−
χ[αβ [µ
γδ]
ν]. (12)
We call [1]χ a reversible symmetric principal part (principal-1), [4]χ a reversible
antisymmetric principal part (principal-2), [5]χ a reversible axion (axion-1), [2]χ a
skewon antisymmetric principal part (skewon-1), [3]χ a skewon symmetric principal
part (skewon-2), and [6]χ a skewon axion (axion-2).
Comparing to electromagnetism, we have three parts in Maxwell’s theory (7):
χµναβ = 12ǫ
µνρσκρσ
αβ = (1)χµναβ + (2)χµναβ + (3)χµναβ : the principal (1)χ piece
and the axion (3)χ (both reversible); and the skewon (2)χ (irreversible).
When the metric exists on spacetime, the most general linear constitutive tensor
χαβµ
γδ
ν(g) =
1
κ
[
β1 g
γ[αgβ]δgµν + β2 δ
[α
µg
β][γδδ]ν + β3 δ
[α
ν g
β][γδδ]µ (13)
+ β4 ε
αβγδ gµν + β5 ε
αβ[γ
[µ δ
δ]
ν] + β6
(
δ
[α
(µε
β]γδ
ν) − δ
[γ
(µε
δ]αβ
ν)
)]
(14)
encompasses four irreducible parts: principal-1 proportional to β1 and (β2 + β3),
principal-2 proportional to β5 and (β2 − β3), skewon-2 ∼ β6, and axion-1 ∼ β4.
3.2. Propagation of gravitational waves
In a geometric optics approximation, Fα = FαeiΦ with rapidly varying phase Φ
and slowly changing amplitude Fα (eikonal ansatz). Alternatively, in Hadamard’s
theory, wave is described as a discontinuity across characteristic hypersurface (wave
front). In any case, vacuum field equations reduce to algebraic system for amplitudes
dHα = 0, dF
α = 0 =⇒ χµνα
ρσ
β Fρσ
β qν = 0, ǫ
µνρσ Fρσ
α qν = 0, (15)
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with the wave covector q = dΦ = qµϑ
µ. As a result, Fρσ
α = Aρ
αqσ − Aσ
αqρ, and
from (15) for the amplitude Aµ
ν we find a characteristic equation
Mµα
ν
β Aν
β = 0 , Mµα
ν
β := χ
µρ
α
νσ
β qρ qσ. (16)
The dispersion relation (Fresnel equation) arises as a solvability condition of (16).
Decomposing Aα
β =րAα
β+Aδβα into traceless part (րAα
α = 0) and trace A = 14Aγ
γ :
Nµα
ν
βրAν
β = 0, Nµα
ν
β =M
µ
α
ν
βM
ρ
ρ
σ
σ −M
µ
α
ρ
ρM
σ
σ
ν
β . (17)
Notice the gauge freedom: Aν
β → Aν
β + qνC
β leaves (16) invariant for any Cβ .
In the metric-dependent case (14), for generic class of models with 2β1−β2−β3 6=
0 and 2β1 + β3 6= 0 the characteristic equation splits into decoupled equations
(2β1 − β3)
{
3
(
q2δµα − q
µqα
)
(q2δνβ − q
νqβ)− (q
2gαβ − qαqβ)q
µqν
}
րA(µν) = 0, (18)
(2β1 + β3)
(
q2δµα − q
µqα
)
(q2δνβ − q
νqβ)րA[µν] = 0, (19)
and the scalar mode is recovered from 3q2A =րAν
µqµq
ν . Therefore, only symmetric
րA(µν) mode is dynamical if 2β1 = − β3, whereas only antisymmetric րA[µν] mode
remains dynamical when 2β1 = β3.
The teleparallel equivalent general relativity model GR|| is a special case when
both 2β1 − β2 − β3 = 0 and 2β1 + β3 = 0. Explicitly: β4 = β5 = β6 = 0 and
β1 = − 1 , β2 = − 4 , β3 = 2. (20)
For GR|| coupling constants (20), the characteristic equation (16) reduces to
q2hαβ − qαq
γhγβ − qβq
γhαγ = 0, (21)
which describes the usual spin 2 graviton mode hαβ = A(αβ) −
1
2gαβAγ
γ .
3.3. Recovering General Relativity
The teleparallel equivalent GR|| theory (20) is distinguished among other coframe
models by the following remarkable properties:
• Field equations are invariant under local Lorentz group5,6
ϑα −→ Lαβ(x)ϑ
β , Lαβ ∈ SO(1, 3).
• Black hole solutions exist7.
The gravitational Lagrangian of GR|| actually reduces to Hilbert’s Lagrangian Λ =
− 18χ
βγ
α
ρσ
µFβγ
αFρσ
µ = − 12κ R+total derivative. The constitutive tensor has only
two nontrivial irreducible parts – principal-1 and principal-2.
Premetric gravity summarized. Fundamental equations are metric-free:
dHα = Σα, dF
α = 0. (22)
Metric enters only in linking (constitutive law) equations (8), where8 for GR||:
χαβµ
γδ
ν =
1
κ
(
−gγ[αgβ]δgµν − 4δ
[α
µg
β][γδδ]ν + 2δ
[α
ν g
β][γδδ]µ
)
. (23)
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4. Conclusions and outlook: On Kottler’s path
Following the pioneering contributions by Kottler, Cartan and van Dantzig, the
premetric program works universally in physics, embracing classical particle me-
chanics, kinetic theory, and (most importantly) electromagnetism and gravity. A
feasible premetric gravity theory can be constructed on the basis of the energy-
momentum conservation law as a teleparallel coframe model. The corresponding
general local and linear constitutive relation encompasses six irreducible parts (2
principal, 2 skewon, and 2 axion).
In premetric approach, one can view constitutive tensor χαβµ
γδ
ν as an indepen-
dent variable. This opens new perspectives in electromagnetism and gravity theory
such as:
• Natural extensions with axion, skewon, and dilaton fields9
• Natural extension to parity odd contributions5,10
• Convenient framework to discuss Lorentz violating models11
• Nonlinear gravity models, f(R) and f(T ), in particular12,13
• Nonlocal constitutive laws14,15
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